The book, Orthogonal Designs: Quadratic Forms and Hadamard Matrices, Marcel Dekker, New York-Basel, 1979, by A. V. Geramita and Jennifer Seberry, has now been out of print for almost two decades. Many of the results on weighing matrices presented therein have been greatly improved. Here we review the theory, restate some results which are no longer available and expand on the existence of many new weighing matrices and orthogonal designs of order 2n where n is odd.
Introduction
An orthogonal design A, of order n, and type (s 1 ; s 2 ; : : :; s u ), denoted OD(n; s 1 ; s 2 ; : : :; s u ), on the commuting variables ( x 1 ; x 2 ; : : :; x u ; 0); is a square matrix of order n with entries x k where for each k x k occurs s k times in each row and column and such that the distinct rows are pairwise orthogonal.
In A weighing matrix W = W(n; k) is a square matrix with entries 0, 1 having k non-zero entries per row and column and inner product of distinct rows zero. Hence W satis es WW T = kI n , and W is equivalent to an orthogonal design OD(n; k). The number k is called the weight of W.
Weighing matrices have long been studied because of their use in weighing experiments as rst studied by Hotelling 14] and later by Raghavarao 17] and others 3, 24] .
Given a set of`sequences, the sequences A j = fa j1 ; a j2 ; :::; a jn g, j = 1; : : :;`, of length n the non-periodic For the results of this paper generally PAF is su cient. However NPAF sequences imply PAF sequences exist, the NPAF sequence being padded at the end with su cient zeros to make longer lengths. Hence NPAF can give more general results.
Notation. We use the following notation throughout this paper 1. We use a to denote ?a.
2. Z* means the reverse of the sequence Z, for example Z = fz 1 ; z 2 ; :::; z n g and Z = fz n ; z n?1 ; :::; z 2 ; z 1 g: 3. X=Y ] means the interleaved sequence x 1 ; y 1 ; x 2 ; y 2 ; ; x n ; y n and 0=Y=0 m ] means the interleaved sequence 0; y 1 ; 0 m ; 0; y 2 ; 0 m ; ; 0; y n ; 0 m :
4. We will say that two sequences of variables are directed if the sequences have zero autocorrelation function independently from the properties of the variables, i.e. they do not rely on commutativity to ensure zero autocorrelation, For example fa; bg and fa; ?bg are directed sequences while fa; bg and fb; ?ag are not directed.
5. X = fx 1 ; x 2 ; :::; x n g and Y = fy 1 ; y 2 ; :::; y n g are two disjoint sequences if at least one of each pair x i ; y i is non-zero. 6 . Two sequences, of length n, will be said to be of type (s; t) if the sequences are composed of two variables, say a and b, and a and ?a occur a total of s times and b and ?b occur a total of t times. Such sequences will be used as the rst rows of two circulant matrices in Theorem 5 to obtain an OD(2n; s; t). The sequences are said to be of type (0; 1) and weight w if they have a total of w non-zero elements and will be used as the rst rows of two circulant matrices in Theorem 5 to obtain a W(2n; w).
Necessary Conditions and Conjectures
In this paper we concentrate on weighing matrices in orders 2n 2(mod 4 Corollary 1 If there is a W(2n; k), n odd, then k < n and k is the sum of two squares.
Theorem 2 (Eades sum-ll theorem) An OD(2n; a; b) constructed from two circulants exists only if there is a 2 2 integer matrix P satisfying PP T = diag (a; b).
The rst asymptotic result of this kind is This conjecture was proved true for orders 2n = 6; 10; 14; : : :; 30 in 10, p331] , where for all the cases except W(18; 9), W(30; 9) , W(30; 18) , and W(30; 25) , the matrices can be constructed using two circulant matrices. We give here a two circulant construction for W(30; 9), W(30; 18) In fact we believe that if 2n ? k is very small compared with n, but not one, then there may not be a two circulants solution. If 2n?k is small, compared with n, the two circulants will be able to be constructed from sequences with zero PAF.
Otherwise the two circulants will be able to be constructed from sequences with zero NPAF. Table 9 illustrates this observation when the variables are replaced by 1.
Eades 4] has proved asymptotic existence of many OD(2n; a; b). He One of us has proved many of these results can be constructed using two circulant matrices alone. Hence we conjecture Conjecture 3 Except for a small number of cases an OD(2n; a; b) can be constructed from two circulants exists whenever a + b 2n ? 1 and a = ( 
Preliminary Results
As the book of Geramita and Seberry 10] is out of print, we quote the following theorems and lemmas and totally review the existence of weighing matrices, especially though constructed using two circulant matrices. The following theorem is one of the most important for construction of weighing matrices and orthogonal designs. Proof. We form two matrices to use in Theorem 5. Use as one of the matrices A, the circulant incidence matrix of the SBIBD(q An interesting extra property to the next theorem appears in Geramita and Verner 11].
Theorem 12 10, Theorems 2.19 and 2.20] The existence of a skew-symmetric W(n; k) is equivalent to the existence of an OD(n; 1; k).
The same theorems and paper 11], which lead to the proof of non-existence of an OD (18; 1; 16) Corollary 4 There exist weighing matrices W(2n; k) and orthogonal designs, OD(2n; k; k) for n k, k 2 S, S given in De nition 1, n 6 for k = 5, and n 9 for k = 13, constructed from two circulant matrices.
Sequences with Zero Autocorrelation
We now consider a few constructions which allow new sequences to be constructed from those that are already known. The last two theorems are extensions of theorems used in 10]. Other results, which are new, are inspired by 12].
Theorem 13 Suppose X and Y are two disjoint sequences of commuting variables of length n and type (s; t) or of type (0; 1) and weight w with zero PAF or NPAF, then there are sequences of length n and type (2s; 2t) or (w; w) respectively. These sequences can be used to construct OD(2n; 2s; 2t) or OD(2n; w; w) respectively. If the sequences have zero NPAF the new sequences will have zero NPAF and length N n, however if the sequences have zero PAF the new sequences will have zero PAF and length n. Proof. Using the sequences in Table 9 we nd the result. 2) The sequences -1 1 1 1 and -1 1 -0 for X and Y , yield the following directed sequences of length 15 and type (9; 9) with PAF = 0 Proof. From Theorem 10, for q 1(mod 4) a prime power we have two 0; 1 sequences of length 1 2 (q + 1) and weight q. We now use these sequences in the previous lemma to obtain the result.
Example 4 Using the appropriate 0; 1 sequences in the previous lemma, and from 2 ; by 2 ; 0 p ; ; ax n ; by n ; 0 0; ay 1 ; bx 1 ; 0 p ; ay n ; bx n ; 0 p ; ; ay 2 ; bx 2 are disjoint the sequences which can be used to construct the OD(N; w; w), N = (n ? 1 ( p + 2) + 3, p 0. If X and Y of type (s; t) on the variables c and d, set a = b = 1 and using the variables in the sequences we obtain disjoint sequences which give an OD(6n; 2s; 2t). Furthermore, because of the properties of the y i ax 1 ; by 1 + ay 1 ; bx 1 ; ax 2 ; by 2 + ay n ; bx n ; ax 3 ; ; ax n ; by n + ay 2 ; bx 2 ax 1 ; by 1 + ay 1 ; bx 1 ; ax 2 ; by 2 + ay n ; bx n ; ax 3 ; ; ax n ; by n + ay 2 ; bx 2 are the sequences required to construct the OD(3n; 2w; 2w) or setting a = b = 1 and using the variables in the sequences we obtain an OD(2N; 4s; 4w ? 4s). 2 Example 5 Use Example 6 Proof. X and Y being directed ensures that the overlaps in the cross correlation in the autocorrelation function by introducing the sequences P and Q are cancelled out. 
See Lemma 9 for applications of this Theorem.
Corollary 9 An OD(14n; 4; 36), n 4, exists constructed from two circulants.
An OD(154; 9; 81) exists constructed from two circulants.
Proof. We use the directed sequences which give an OD(2m; 4; 4) for all m 4 from the last example. We then replace the variables by the two sequences of length 7 which give an OD(14; 1; 9) from Table 5 or the two sequences . The theorem then gives the result.
For the second result we take the directed sequences of length 11 and type (9; 9) with zero PAF and the sequences of length 7 and type (1; 9) with zero PAF. The theorem then gives the result.
2
Example 8 We use the directed PAF (9,9) which exist for lengths 10, 11, 13, 15 and 23 with the NPAF (1,4) of length n 3 to get (9,36) of lengths 10n, 11n, 13n, 15n and 23n for all n 3. Similarly we use the directed PAF (9,9) with the NPAF (2,8) of length n 6 to get (18,72) of lengths 10n, 11n, 13n, 15n and 23n for all n 6. We use the directed PAF (18,18) which exist for lengths 19 and 21 with the NPAF (1,4) of length n 3 to get (18,72) of lengths 19n and 21n for all n 3.
Existence of Weighing Matrices
We now review and extend the results of 10] for the existence of W(2n; k), 3 Proof. We consider the orders individually. Case n = 3: Table 13 gives sequences which can be used to obtain the result. Case n = 5: The sequences 0 1 --1; -1 1 1 1 give the required result for k = 9. Table 13 gives the sequences which can be used to obtain the other results.
Case n = 7: The sequences 0 1 1 --1 1; 1 -1 1 1 1 -give the required result for k = 13. Tables 9 and 13 give the sequences which can be used to obtain the other results.
Case n = 9: A complete search was not able to nd a W(18; 9) constructed from circulants. We give a W(18; 9) in Table 2 for completeness. Tables 9 and 13 give the sequences which can be used to obtain the other results. 1 1 1 1 1 1 1 1 0 0 0 0 0 0  0 1 0 0 1 1 1 1 ----0 0 0 0 0 0  0 0 1 0 1 1 --1 1 --0 Case n = 11: Tables 9 and 13 give the sequences which can be used to obtain the result.
Case n = 13: Tables 9 and 13 gives the sequences which can be used to obtain the other results.
Case n = 15: The W(15,9) is (see 10, p325]) found in Table 3 . Tables 9 and 13 give the sequences which can be used to obtain the other results.
Case n = 17: Tables 9 and 13 give the sequences which can be used to obtain the results. Table 4 .
Ohmori and Miyamoto 16] have found the W(17; 9) given in
Case n = 19: Tables 9 and 13 give the sequences which can be used to obtain the other results.
Case n = 21: The result for k = 34 is given by Remark 2. Tables 9 and 13 give the sequences which can be used to obtain the other results.
2
In this paper we have for the rst time:
Lemma 9 There exist orthogonal designs constructed from two circulants for orders 2n as indicated. 24, Proof. Use Table 9 to obtain results 1 to 7. Proof. The results in Parts 1 to 5 follow immediately for the existence of sequences with the required weight and NPAF = 0 given in Table 9 and Lemma 6. The result in Parts 6 and 7 for k = 65 follows from multiplying the directed OD(2n; 13; 13) which exists for all n 14 with the two sequences of length 3 and type (1; 4) which given an OD(2n; 13; 52) and a W(2n; 65) constructed from two circulants for all n 42. The results in Part 7 follows from the existence of sequences of weight 68 and NPAF = 0 for all lengths 48 constructed using Lemma 3 and the result for weight 34, NPAF = 0 from Table 9 , combined with the existence two sequences of length 23, weight 34 and PAF = 0 from the same Table. 2 We also note from Table 9 that W(2n; 9) exist, constructed from two circulants, for 7, 10, 11, 13, 15, 17, 19, 23 and 25 and multiples of these lengths by Lemma 3, Table 9 Table 9  46 41,45 45 Table 9  50 41,45 Table 9  54 9,18,W,50 9,18 Table 9  58 9,18,W,50 9,18 Tables 9 and 13. Case n = 25: The results, except for 41 and 45, are given in Tables 9 and 13 . Case n = 27: The designs known for k = 9,18 are not constructed using two circulants. The results, except for 29,36,37,41,45,50 are given in Tables 9 and 13. Case n = 29: The designs known for k = 9,18 are not constructed using two circulants. The results, except for 29,36,37,41,45,49,50,53 are given in Tables 9  and 13. Case n = 31: The designs known for k = 9,18,29 are not constructed using two circulants. The results, except for 37,45,49,50,53,58 are given in Tables 9   and 13 Tables 9 and 13 . We use the directed sequences of length 11 and type (9,9), with PAF=0, and replace the variables by the sequences a b-a ;a 0 a to obtain sequences of length 33 and type (9; 36). This means we have two sequences which give weights 9, 36 and 45. Furthermore the sequences of weight 9 can be used in Lemma 3 to obtain two PAF sequences of length 33 and weight 18.
Case n = 35: The designs known for k = 9,18,29 are not constructed using two circulants. The results, except for 37,41,45,49,53,58,61,65 are given in Tables 9  and 13. Case n = 39: The design known for k = 29 is not constructed using two circulants. There is a circulant W(13; 9) and hence a circulant W(39; 9) and an OD(78; 9; 9) constructed from two circulants. This gives the results for 9 and 18.
There are two sequences given in Table 13 which are directed, of length 13 and type (9,9) which when used with the two sequences of length 3 and type (1; 4) give an OD(78; 9; 36) and hence a W(78; 45) constructed from two circulants.
The results, except for 41,49,53,58,61,71,72 are given in Tables 9 and 13.   2 6 Existence of Orthogonal Designs Theorem 17 There exist orthogonal designs in order 2n of type:
1. (1; 9) constructed using two circulant matrices exists for lengths 9, 11, 17, 27, 29, 31, 33, 37, 41, 43, 47 and 51 and their multiples;
2. (1; 9) for n 6 (except possibly for n = 9; 11); 3. (4; 9) constructed using two circulant matrices exists for lengths 19 and 21 and their multiples;
4. (4; 9) for n 7 (except possibly for n = 9; 11; 13); The non-existence of the (4; 9), constructed from two circulants, for lengths 7, 9, 10, 11, 13, 15, 17 and existence, constructed from two circulants,for lengths 19 and 21, comes from Table 13 and 13]; the existence of (4; 9) for 2n = 14 is given explicitly above, and the for 2n = 16; 20; 24 and 28 gives the remainder of Part 4.
That the (1; 16) does exist, constructed from two circulants, for lengths 11, 13, 15, 17, 19 and 21 and does not exist for lengths 9 follows from Table 13 and 13]; the existence of (1; 16) for 2n = 24; 26; 28; 30; 32; 34; 36 and 38 gives the remainder of Part 6. Lemma 12 The necessary conditions are su cient for the existence of orthogonal designs OD(2n; a; b), 3 n 13, except for possibly OD(18; 1; 9); OD(18; 4; 9), OD(22; 1; 9); OD(22; 4; 9); OD(22; 9; 9), OD(26; 4; 9) and OD(26; 5; 20) . An OD(18; 1; 16) does not exist. The necessary conditions are su cient for the existence of orthogonal designs OD(2n; a; b), 3 n 13, constructed using two circulant matrices except for OD(2n; c; d) for (c; d) = (1; 9) or (4; 9), for n = 9 or 11 and an OD(18; 1; 16).
The OD(14; 4; 9) is given in Table 7 for completeness. The existence or otherwise of OD(2n; a; b), 15 Table   12 . These results have not been previously published.
Lemma 13 There exist OD(2n; a; b) for the types given in Table 8 . Proof. OD(62; 1; 25) and OD(66; 1; 25) exist from Remark 2. OD(2n; 1; 25) exist for 2n 88 from Theorem 17. The existence of all OD(4m; 1; 25) , 4m 28, gives the remainder of the result.
OD(62; 1; 36) exists, from Corollary 3, and given the existence of all OD(4m; 1; 36), 4m 40 gives the result for OD(2n; 1; 36) for 2n 50. 0 x y y y x x x y y y y y y x 0 x x x -y -y -y y y y -y -y -y y x 0 -y -y x -x -x y y -y y y -y y x -y 0 -y -x x -x -y y y -y y y y x -y -y 0 -x -x x y -y y y -y y x -y x -x -x 0 y y -y y y y -y -y x -y -x x -x y 0 y y -y y -y y -y x -y -x -x x y y 0 y y -y -y -y y y y y -y y -y y y 0 -x -x -y x -x y y y y -y y -y y -x 0 -x -x -y x y y -y y y y y -y -x -x 0 x -x -y y -y y -y y y -y -y -y -x x 0 x x y -y y y -y -y y -y x -y -x x 0 x y -y -y y y -y -y y -x x -y x x 0 We use the directed OD(2n; 9; 9) for n = 10; 11; 13; 15; 17; 19; 21 from Table 13 to obtain the result for Part 9.
Then we replace the variables of these directed OD(2n; 9; 9) by a b-a and a 0 a to obtain the OD(2n; 9; 36) for n = 30; 33; 39; 45; 51; 57; 63. Using these results plus the existence of OD(4m; 9; 36) in 4m 48, to obtain OD(2n; 9; 36) for 2n 112.
Example 6 and Table 13 give the OD(2n; 10; 40) for all 2n 30: The existence of OD(4m; 10; 40) for 4m = 52; 56 gives the remainder of the result.
From Theorem 10 and Remark 1 there exists an OD(62; 16; 25) . Hence assuming there is an OD(4m; 16; 25) for all 4m 44 we have all OD(2n; 16; 25) for 2n 104.
The OD(42; 17; 17) is given in Remark 2. The existence of OD(4m; 17; 17) for all 4m 36 gives the remainder of Part 13.
We use the OD(2n; 18; 18) for n = 19; 21; 23; 25 from Table 13 . Also we use the directed OD(2n; 9; 9) for n = 11 from Table 13 and to obtain the OD(2n; 18; 18) for n = 33. Using these results plus the existence of OD(4m; 18; 18) in 4m 40, we obtain OD(2n; 18; 18) for 2n 76.
The sequence with NPAF = 0 which give (34,34) are given in Table 13 . (34,34) also exist in lengths 4m 68.
We use the directed OD(2n; 25; 25) for n 30 from Table 13 with the directed OD(2n; 5; 5) for n 6 to obtain the result for Part 17. We have OD(2n; 9; 9) for n 20 from Theorem 17. There is an OD(2n; 1; 9) for 2n = 12; 14; 16; 20; 24. The direct sum of these gives the OD(2n; 1; 9) , for all n 12.
The OD(62; 2; 32), OD(62; 2; 50) and OD(62; 25; 25) are given by Remark 2 Part 4. These, together with the results in orders 4m gives us the results There is an OD(2n; 4; 9) for 2n = 14; 16; 20; 24. The direct sum of these gives the OD(2n; 4; 9) , for all n 14. The OD(42; 1; 9) is constructed from two circulants. The OD(42; 2; 18) may be constructed from the two sequences given in Table 13 . There is an OD(2n; 2; 18) for 2n = 20; 24; 26; 28; 32; 36. The direct sum of these gives the OD(2n; 2; 18) , for all n 20.
We have OD(2n; 1; 16) for 2n 20, the OD(2n; 5; 20) for 2n 36, the OD(2n; 10; 40) for 2n 60 and OD(2n; 1; 25) 
The OD(62; 17; 17) exists from Remark 2. The OD(2n; 17; 17) arises for 2n
24 from Lemma 6.
The results for OD(2n; 25; 25) for 2n 30 come from Lemma 6.
The remaining results come from Lemma 13.
2 Table 9 gives sequences with zero non-periodic and periodic auto-correlation function. The notation PAF or NPAF indicates which type is given.
Length Weight Sequences with zero autocorrelation function 1 1 -1 --1;  ----1 1 1 -1 1 1 -1 -1 1 1 1 -1 The results given in Table 10 are previously unpublished. In Table 11 the \ p " indicates that the result is given here for the rst time.
Order Unsolved -a b-a-a a-a a a a-a- -a-a-b a-a-b a-a-b a a 0 a-a-b a a 0 a-a 
